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Abstract
Based on the structure of the hyperfinite II1 factor, we study its Dirichlet forms
which can be constructed from Dirichlet forms on M2n(C).
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Introduction
The aim of this paper is to study noncommutative Dirichlet forms on hyperfi-
nite II1 factor. Dirichlet form in the commutative setting, originated with the
work of Beurling and Deny[3], has been developed especially by Fukushima[8]
and Silverstein[12]. The corresponding noncommutative theory, in the C∗-
algebra setting, is introduced by Albeverio and Høegh-Krohn[2]. It has been
recognized that it shares a flavor of geometry in the sense of Connes’ noncom-
mutative geometry[7]. For a recent account of the theory, we refer the reader
to[4][5].
By the uniqueness of the hyperfinite II1 factor R, we regard it as the com-
pletion of ∪nM2n(C) under the normalized tracial state τ . By the virtue of
Gelfand and Naimark theorem, each commutative C∗ algebra is isometrically
*-isomorphic to the algebra of continuous functions C(X). Moreover, each
commutative von Neumann algebra is isometrically *-isometric to the algebra
of bounded functions L∞(X). Combining the above facts together, we make
the following correspondence.
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Noncommutative Commutative
∪jM2j (C) ∪jC(Cj)
CAR algebra C(C)
R L∞(C)
L2(R, τ) L2(C)
where the notation Cj means j-th step Cantor set, namely, Cj = {
∑j
i=1 ai3
−i|ai =
0, 2} and C means the cantor set.
Cantor set is a fractal. From that point of view, it can be obtained from the
self-similar sets. The Dirichlet form as well as harmonic analysis on fractals has
already been studied by Kigami[9], Kusuoka[10]. Its basic idea is to construct
a sequence of Dirichlet forms on an increasing sequence of finite sets in such
a way that they satisfy a certain compatibility condition. Consequently, we
could obtain a Dirichlet form on the closure of this increasing finite sets with
some metric. Unfortunately, in general, this closure is merely a proper subset
of this fractal in certain cases.
From the above correspondence, to study Dirichlet forms on L2(R, τ), we
can first examine Dirichlet forms on M2j (C). However, positive operators on
M2j (C) are still unclear. All that we know at present is a nice machinery to
write down systematically many interesting positive maps. But, the completely
positive map on M2j (C) is well understood. It has the form
△j(a) =
k∑
i=1
[[mi, [mi, a]] + ha + ah,
where mi = m
∗
i ∈ M2j and h = h
∗ ∈ M2j . The Dirichlet form associated
with a uniformly continuous completely positive semigroup on a type I von
Neumann algebra was completely understood [1].
The paper is organized as follows. In section 1, we give a brief exposition of
the noncommutative Dirichlet forms theory. Section 2 establishes the relation
between the Dirichlet forms on R and Dirichlet forms on M2j (C). It will be
shown that if E is a bounded, then it is the limiting of the Dirichlet form
on M2j (C). And if ∪jM2j (C) is the form core, then E can be recovered from
Dirichlet forms on M2j (C). In section 3, we will give a concrete example.
I wish to thank Nik Weaver. Without his many helpful suggestions this work
could not have been done.
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1 Dirichlet forms
Let A be a C∗-algebra and A∗∗ its enveloping von Neumann algebra, with unit
1A∗∗ . Let’s consider a densely defined, faithful, semifinite, lower semicontinuous
trace τ on A. We denote by L2(A, τ) (〈, 〉L2(A,τ)) the Hilbert space of the GNS
representation piτ associated to τ , and by L
∞(A, τ) or M the von Neumann
algebra piτ (A)
′′ in B(L2(A, τ)) generated by A in the GNS representation.
When unnecessary, we shall not distinguish between τ and its canonical normal
extention on M, between elements on A and their representation in M as a
bounded operator on L2(A, τ), nor between elements a of A or M which are
square integrable (τ(a ∗ a) < +∞) and their canonical image in L2(A, τ).
Then ||a|| stands for the uniform norm of a in A or in M, ||a||2 or ||a||L2(A,τ)
for L2-norm of a in L2(A, τ), 1M for the unit of M. As usual, L
∞
+ (A, τ) and
L2+(A, τ) will denote the positive part of L
∞(A, τ) and L2(A, τ), respectively.
Recall that (M, L2(A, τ), L2+(A, τ)) is a standard form of the von Neumann
algebraM. In particular L2+(A, τ) is a closed convex cone in L
2(A, τ), inducing
an anti-linear isometry (the modular conjugation) J on L2(A, τ) which is the
extension of the involution a 7→ a∗ ofM. The subspace of J-invariant elements
(called real) will be denoted by L2h(A, τ).
When a is real, the symbol a ∧ 1 will denote the Hilbert projection onto
the closed and convex subset C of L2h(A, τ) obtained as the L
2-closure of
{a ∈ L2+(A, τ) : a ≤ 1M}.
Definition 1.1 Given a strongly continuous semigroup Φt(t ∈ R
+) of opera-
tors defined on L∞(A, τ),
(1) it is symmetric, if τ(Φt(x)y) = τ(xΦt(y)).
(2) it is Markov, if 0 ≤ x ≤ 1M implies that 0 ≤ Φt(x) ≤ 1M.
(3) it is conservative, if Φt(1M) = 1M.
(4) it is completely positive, if for any n we have
∑n
i,j=1 b
∗
iΦt(a
∗
iaj)bj ≥ 0
where ai, bi ∈M, i = 1, . . . , n.
Definition 1.2 A closed, densely defined, nonnegative quadratic form (E , D(E))
on L2(A, τ) is said to be
(1) real if for a ∈ D(E),J(a) ∈ D(E) and E(J(a)) = E(a);
(2) a Dirichlet form if it is real and
E(a ∧ 1) ≤ E(a), for a ∈ D(E) ∩ L2h(A, τ);
(3) a completely Dirichlet form if the canonical extension (En, D(En)) to
3
L2(Mn(A), τn)
En[[ai,j]
n
i,j=1] :=
n∑
i,j=1
E [ai,j], where [ai,j ]
n
i,j=1 ∈ D(E
n)) := Mn(D(E))
is a Dirichlet form for all n ≥ 1.
By the general theory, a symmetric, Markov semigroup gives rise to a Dirichlet
form E on L2(A, τ) by
E(a) = 〈△a, a〉2,
where △ is the generator of this semigroup. And completely positive, symmet-
ric, Markov semigroup gives rise to a completely Dirichlet form. On the other
hand, starting from a Dirichlet form on L2(A, τ), one can always reconstruct
a symmetric, Markov semigroup. And furthermore, if this Dirichlet form is
complete, then this semigroup is completely positive.
To summarize, conditions (1)(2) from Definition 1.1 is equivalent to (1)(2)
from Definition 1.2, and (1)(2)(4) from Definition 1.1 is equivalent to (1)(2)(3)
from Definition 1.2.
Given E , define the inner product 〈, 〉1 on D(E) by
〈a, b〉1 = 〈△a, b〉2 + 〈a, b〉2.
The form E is closed implies 〈, 〉1 is a Hilbert space.
2 Dirichlet forms on hyperfinite II1 factor
If R is the hyperfinite II1 factor, from the property that the hyperfinite II1
factor is uniquely determined up to isomorphism, we regard R as the comple-
tion of ∪nM2n(C) under the normalized tracial state τ . The mapping
a→

 a 0
0 a


is the embedding of M2n(C) as a subalgebra of M2n+1(C). Throughout the
paper, the notation τn means the normalized tracial state on M2n(C).
Lemma 2.1 ∪nM2n(C) is dense in L
2(R, τ).
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PROOF. Given a ∈ L2, we find a sequences an ∈ R, such that an → a in
L2, for each an, we find bn ∈ M2n(C), such that 〈(bn − an)x, x〉L2 <
1
n
, ∀x ∈
L2. Then the sequences bn − an ∈ R weak operator converges to 0, and so
it’s strong operator converges to 0. In particular, ||bn − an||L2 → 0. Then
||bn − a||L2 = ||bn − an + an − a||L2 ≤ ||bn − an||L2 + ||an − a||L2 → 0 when
n→∞.
For each n, we have a conditional expectation map
En : L
2 → M2n(C)
and an extension map
Πn : M2n(C)→ L
2.
On ∪j≥0M2j (C), the map En is defined by
En(a1 ⊗ a2 ⊗ . . .⊗ an ⊗ . . .⊗ an+k) = (
k∏
j=1
τ1(an+j))a1 ⊗ a2 . . .⊗ an,
since ∪j≥0M2j (C) is dense in L
2, we then extend En to L
2. The map Πn is
defined from the above embedding map.
Let Pn = Πn ◦ En, Qn = I − Pn, then it’s not hard to see Pn (resp., Qn) is
a family of projections which increase (resp., decrease) to I (resp., 0) when
n→∞.
Given a Dirichlet form E on L2, unless otherwise stated, we assume that
D(E) ⊃ ∪j≥0M2j (C). The point of using this assumption is that the dense
subalgebra ∪j≥0M2j (C) is realized as the smooth functions from the commu-
tative point of view.
Proposition 2.2 Let En(a) := E(Pna), then En is a bounded Dirichlet form
on L2.
PROOF. The proof is straightforward.
Proposition 2.3 Given a Dirichlet form E on L2, the following conditions
are equivalent:
(1) limn→∞ En(a) = E(a), ∀a ∈ D(E).
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(2) limn→∞ E(Qna) = 0, ∀a ∈ D(E)
PROOF. For the given E , let △ be its Markovian semigroup generator.
(2)⇒ (1): From the triangle inequality, we have
E
1
2 (Qna) = ||△
1
2Qna||2 = ||△
1
2a−△
1
2Pna||2 ≥
∣∣∣||△ 12Pna||2 − ||△ 12a||2
∣∣∣
≥ |E
1
2
n (a)− E
1
2 (a)|.
By letting n→∞ to above inequality gives (1).
(1)⇒ (2): From the spectral representation of △, we have
E(a) = 〈△a, a〉 =
∞∫
0
λd〈Fλa, a〉,
where Fλ is the spectral projection of△. Write fn(λ) = 〈FλPna, Pna〉, gn(λ) =
〈FλQna,Qna〉, f(λ) = 〈Fλa, a〉. This gives
En(a) = 〈△Pna, Pna〉 =
∞∫
0
λd〈FλPna, Pna〉 =
∞∫
0
λdfn(λ).
E(Qna) = 〈△Qna,Qna〉 =
∞∫
0
λd〈FλQna,Qna〉 =
∞∫
0
λdgn(λ).
The functions fn, gn, f are increasing imply they are differentiable a.e. Denote
f ′(λ) = lim
h→0
f(λ+ h)− f(λ)
h
= 〈lim
h→0
Fλ+h − Fλ
h
a, a〉 = 〈F ′λa, a〉
where F ′λ is an unbounded positive operator on L
2. Next we observe that
√
g′n(λ) = ||
√
F ′λQna||2 = ||
√
F ′λa−
√
F ′λPna||2 ≤ ||
√
F ′λa||2 + ||
√
F ′λPna||2,
which gives
λg′n(λ) = λ〈F
′
λQna,Qna〉 ≤ 2λ〈F
′
λa, a〉+ 2λ〈F
′
λPna, Pna〉 = 2λf
′(λ) + 2λf ′n(λ).
Notice fn → f , gn → 0 as n → ∞, this gives λf
′
n(λ) → λf
′(λ), λg′n(λ) → 0
a.e. when n→∞. To complete the proof, we apply the generalized dominated
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convergence theorem. Thus
lim
n→∞
E(Qna) = lim
n→∞
∞∫
0
λg′n(λ)dλ =
∞∫
0
lim
n→∞
λg′n(λ)dλ = 0
The remainder of this section will be devoted to discuss the relation between
E and En.
Theorem 2.4 If E is a bounded Dirichlet form on L2, then
lim
n→∞
En(a) = E(a), ∀a ∈ L
2.
PROOF. The Markov semigroup generator △ of E is bounded. We have
E(Qna) = ||
√
△Qna||
2
2 ≤ ||△||||Qna||
2
2 → 0,when n→∞,
which completes the proof from proposition 2.3.
Theorem 2.5 Given a Dirichlet form on L2, if limn→∞ En(a) = E(a), ∀a ∈
D(E), then ∪j≥0M2j (C) is the form core.
PROOF. For a ∈ D(E), limn→∞ En(a) = E(a) gives limn→∞ E(Qna) = 0 from
proposition 2.3. It implies Pna ∈ M2n(C)→ a in 〈., .〉1 norm, which completes
the proof.
For the other direction of the above theorem, we have the following result.
Theorem 2.6 Given a Dirichlet form E on L2, if ∪j≥0M2j (C) is the form
core, then E can be recovered from En.
PROOF. Given E , we first construct En, and then define
F(a) = lim
n→∞
En(a), ∀a ∈ ∪j≥0M2j (C).
It is well defined, because eventually En(a) will stay the same when n is large
enough. Since E and F agree on ∪j≥0M2j (C) and ∪j≥0M2j (C) is the form
core, after the completion of ∪j≥0M2j (C) under 〈, 〉1 norm, we get F and
consequently E , which gives the proof.
7
The principal significance of the above theorem is that it allows one to con-
struct a certain type Dirichlet forms on L2. The procedure is: first we construct
E˜n on M2n(C) in such a way that E˜n is compatible with E˜n+1 on M2n(C), i.e.,
E˜n(a) = E˜n+1(a), ∀a ∈ M2n(C). Next, we define En(a) = E˜n(Ena), so that En
is defined on L2. Then, we define
E(a) = lim
n→∞
En(a), ∀a ∈ ∪j≥0M2j (C).
Finally, we take the completion of ∪j≥0M2j (C) under 〈, 〉1 norm. The con-
structed Dirichlet form E has the property that ∪j≥0M2j (C) is its form core.
3 An example
As it is known that L∞[0, 1] is the maximal abelian subalgebra of R, thus[13],
we have a conditional expectation map
B : R → L∞[0, 1].
Intuitively, this conditional expectation map is coming from the following
diagram.
M21 ⊂M22 ⊂M23 ⊂. . . ⊂ R
↓ B1 ↓ B2 ↓ B3 ↓ B
D21 ⊂D22 ⊂D23 ⊂. . . ⊂L
∞[0, 1]
where D2n is the 2
n×2n diagonal matrix and Bn is the conditional expectation
map from M2n to D2n .
For this conditional expectation B, we can extend it to L2(R, τ) since R is
dense in L2(R, τ). Keep the same notation, let this map be B : L2(R, τ) →
L2[0, 1].
Proposition 3.1 For the conditional expectation operator B, we define
E(a) = 〈(I −B)a, a〉2,
then E is a bounded, completely Dirichlet form on L2.
PROOF. Let △ = I − B, then it’s a projection operator, hence bounded.
Now it’s obvious that the semigroup φt = e
−t△ is Markov and symmetric. To
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show it’s a completely Dirichlet form, notice from Definition 1.2, the generator
of En is △⊗ In(C) which is again a projection. This completes the proof.
From section (2), for this Dirichlet form E , we get the restricted En. And it’s
not hard to see that
En(a) =
2n∑
i=1
τn([pi, Ena][pi, Ena]
∗).
where pi is the diagonal matrix with 1 in entry (i, i) and 0 elsewhere. The
generator △n of En is △n(a) =
∑2n
j=1[pj, [pj , Ena]]. As shown from section 2,
△n weak operator converges to △.
From [11][5], for this Dirichlet form E , it is naturally equipped with a struc-
ture of a Hilbert bimodule over R, and a derivation operator ∂. In order to
understand the bimodule structure, we begin with considering the Dirichlet
form En. For this Dirichlet form En, the associated derivation map
∂n : R → R⊗ C
2n .
is defined by
∂n(a) = ⊕
2n
j=1[pj , Ena], for a ∈ R.
∂n is used to define the noncommutative differential calculus in [?]. The Hilbert
bimodule is R⊗ C2
n
= l2(2n,R) and its structure is
(f · a)(j) = f(j)a, (a · f)(j) = af(j), for f ∈ l2(2n,R),
〈f, g〉R =
2n∑
j=1
f(j)∗g(j), for f, g ∈ l2(2n,R).
Return to E , it follows in the same manner, the Hilbert bimodule associated
with E is R⊗ L2[0, 1] = L2([0, 1],R) and its bimodule structure is
(f · a)(t) = f(t)a, (a · f)(t) = af(t), for f ∈ L2([0, 1],R),
〈f, g〉R =
1∫
0
f(t)∗g(t)dt, for f, g ∈ L2([0, 1],R).
The derivation map is
∂ : R → R⊗ L2[0, 1] = L2([0, 1],R).
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Definition[11] 3.2 A completely positive Markov semigroup (Φt)t≥0 and its
infinitesimal generator △ are strongly local if the associated Hilbert bimodule
is trivialisable, that is isometrically imbeded in an amplication of the trivial
bimodule.
Proposition 3.3 The Dirichlet form E defined above is strongly local.
PROOF. This is because the bimodule associated to E is R⊗ L2[0, 1].
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